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Abstract
Multicomponent nitrides are a hot research topic in the search of hard coatings. The effect of substitutions on the phase stabilities,
magnetic, and elastic properties of Al1-x-yCrxTiyN (x,y=0-1) was studied using first principles calculations based on the density
functional theory. These calculations provide the lattice parameter, formation energy, mixing enthalpy and elastic constants. The
calculated values are in good agreement with experiments and compare well with other theoretical results. A magnetic transition
from antiferromagnetic to ferromagnetic state occurs at concentrations of B1-TiN higher than 60%. The quaternary zone has a lower
aluminum solubility than the constituent ternary systems. The Poisson’s ratio, Shear and Young modulus were used as predictors of
the hardness, indicating that the higher hardness values are found on the transition line from B1 to B4. The obtained results enable
the design of new Al1-x-yCrxTiyN-based materials for coating applications.
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1. Introduction
Transition metal nitrides have been widely used as protec-
tive coatings for machining, forging, and stamping applications
due to their outstanding physical properties such as high hard-
ness, chemical inertness, thermal stability, as well as oxidation
and wear resistance [1, 2]. TiN and CrN coatings were an im-
provement compared to the traditional methods of heat treat-
ment and nitriding,enchancing hardness to 28 and 20 GPa, and
operating temperatures up to 550 and 700 ◦C, respectively [3].
CrN presents an antiferromagnetic behavior below the Ne´el
temperature (∼280 K) with an alternated spin double-layer con-
figuration on an orthorhombic structure with α=88.23◦ [4]. Above
this temperature, CrN becomes paramagnetic with B1 structure
[5]. The role of the magnetic contribution in Cr-containing sys-
tems is still an open research topic [6, 7, 8, 4, 9].
In order to improve the hardness, oxidation resistance, cut-
ting performance, wear resistance, and the operating tempera-
ture more complex multicomponent nitrides have been studied.
Particularly, it was discovered that by adding Al to TiN and CrN
the above mentioned characteristics are improved [10, 11, 12,
13, 14, 15]. AlCrN and AlTiN are reported to be stable in the
NaCl (B1) structure under an Al % at. composition –usually re-
ported to be around 70%–, whereas at larger Al content occurs
a transition to hexagonal (B4) structure which has a detrimental
effect on the hardness of the coating [13, 16]. Comparing both
ternary nitrides, AlCrN exhibits a slightly lower hardness than
AlTiN at the same Al content [4]. However, Cr-based ternary
✩Pie de imagen
nitrides can dissolve a greater amount of Al in the B1 structure
which retains the stability of the system to a higher tempera-
ture (925◦C) [17]. In spite of Al having a strong influence on
high temperature stability of the ternary nitrides, the Ti- and Cr-
content grants the systems different degradation mechanisms.
For AlCrN nucleation and growth is the main responsible for
high temperature degradation (∼1000◦C); whereas for AlTiN
the degradation mechanism (∼900◦C) is related to spinodal de-
composition which involves the transformation of metastable
cubic AlTiN zones into TiN-rich and AlN-rich zones [4, 18, 19].
Currently, there are plenty experimental and theoretical stud-
ies of AlCrN and AlTiN in which structural stability, mechan-
ical properties, elastic constants, and magnetic behavior have
been studied. However, only a few experimental and theoretical
studies of CrTiN were found [7, 20]. CrTiN has lower hardness
values across its different compositions compared to all other
ternary nitride systems [21]. In spite of that drawback, the sur-
prising magnetic behavior and the capacity of Cr and Ti to form
protective oxide layers (Cr2O3 and TiO2) are interest for elec-
trical and corrosion protective applications [7, 22, 20, 23, 24].
Even though the previously discussed ternary systems are
still an open research topic, the quaternary systemAl1-x-yCrxTiyN
has received attention due to the improvement of the cutting
performance, hardness, and wear resistance at high temperature
compared to the ternary nitrides. [25, 26, 27, 28]. Experimen-
tal studies have found that the oxidation resistance is negatively
affected by Ti concentrations higher than 11 at. % due to the
promotion of a TiO2 porous surface layer over the more pro-
tective Al2O3 [28]. The pseudo-ternary AlCrTiN presents also
a spinodal decomposition similar to AlTiN, where Cr is dis-
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tributed into two metastable zones (AlCrN and TiCrN) resulting
in an age hardening process [29]. Furthermore, Cr addition in
the AlN phase decelerates the formation of the wurtzite phase,
enhancing the thermal stability compared to the pseudo-binary
TiAlN or CrAlN alloys [29, 30, 31].
Several experimental research focused on specific concen-
tration points of this quaternary nitride can be found but only
few theoretical studies focus on a full concentration range with
emphasis on spinodal decomposition [31, 32, 33].
In this contribution, the Density Functional Theory (DFT)
and the Special Quasirandom Structure (SQS) technique were
employed to model Al1-x-yCr1-xTi1-yN alloys. what makes this
multicomponent nitride interesting is its chemically complexity
and special rules must be followed for the atoms distribution
into the lattice sites in order to represent the magnetic state.
The study presents a complete calculation of a pseudo-ternary
system using concentration steps of 12.5%. The configurations
proposed in this study to simulate the magnetic effects are just
an approximation of the most stable state. The stress-strain
method was used to calculate the stiffness matrix on relaxed
SQSs to accurately represent the alloy local effects [34, 35].
The aim of this paper is to study the quaternary nitride Al-
CrTiN obtaining the Al solubility limit, elastic constants trends,
phase stability, and second derivative of the mixing energy to
observe the probability of spinodal decomposition.
2. Computational Methodology
The SQSs were made using the Alloy Theoretic Automated
Toolkit (ATAT) software, which is based on the method pro-
posed by Zunger et al., for representing a valid model of Al1-x-y
Cr1-xTi1-yN in a small supercell computationally feasible for
DFT calculations [36, 37, 38]. The theoretical calculations are
performed within the projector augmented wave (PAW) method
and the density functional theory framework (DFT) as imple-
mented in the Vienna ab-initio simulation package (VASP) [39,
40, 41, 42, 43, 44]. The electronic exchange-correlation poten-
tial is described within the generalized-gradient approximation
(GGA) parametrized by Perdew et al [45]. The integration over
the Brillouin zone employed the Monkhorst-Pack scheme using
a grid of 5×5×5 k-points for the B1 structures and a 9×9×4 for
the B4 structures [46]. An cut-off energy of 600eVwas used for
the calculations. The cells for both B1 and B4 structures went
through a series of volume and ionic relaxations.
The Al solubility limit for B4 structures is expected to be100
above 50.0% Al. Therefore, for the B4 crystalline structures
only concentrations above 50.0% Al were calculated, except
for the AlCrN and AlTiN ternary nitrides in which all concen-
trations points were studied.
Figure 1 shows the calculated compositions representedwith
circles. The grid consists of 45 concentration points with com-
position steps of 12.5 %, each point has a number label indicat-
ing which of the 9 generated SQSs was used.
The non-magnetic, ferromagnetic, and antiferromagnetic states
at each concentration for the cubic and the hexagonal phases
were calculated to find the most stable magnetic arrangement.
For the the Cr-containing points, the system was simulated as
Al1−x−yCrx/2 ↑ Crx/2 ↓ TiyN. Although an orthorhombic anti-
ferromagnetic calculationwas performed in the case of CrN, the
reported states is the antiferromagnetic with Cr atoms arranged
in an alternating spin single-layer configuration.
Figure 1: Phase Diagram of AlCrTiN
When the SQSs were relaxed, the total energy E (obtained
from VASP) was compared against the most stable phases of
each alloy component to obtain the formation enthalpy. For a
quaternary nitride, the formation enthalpy ∆H f is defined as
n∆H f = E
(
Al1−x−yCrxTiyN
)
− (1 − x − y) nE (Al) − xnE (Cr) − ynE (Ti) − (n/2) E (N2)
(1)
In equation 1 the total energy of N was calculated for a N2
molecule, while the total energies of Al, Cr and Ti were cal-
culated for their unit cells in their respective stable structure.
Mixing Enthalpy ∆Hm of cubic Al1-x-yCrxTiyN is defined as
n∆Hm = E
(
Al1−x−yCrxTiyN
)
− (1 − x − y) (n/2) E (AlN) − x (n/2)E (CrN) − y (n/2)E (TiN)
(2)
In equation 2 the energies E of AlN, CrN and TiN are cal-
culated in cubic phase.
2.1. Elastic Constants
The elastic constants were calculated using the stress-strain
method [47, 48]. Positive and negative strains with a magnitude
of x = ±0.01 were applied in all the strain tensor directions
to modify the relaxed SQSs. Subsequently, the pseudo-inverse
method to obtain the elastic constants values was applied and
the stiffness tensor was calculated for the stable magnetic state
of each SQS [48].
Since the point group symmetry is broken by the SQS ap-
proach, the elastic tensor matrix is symmetric and contains 21
values. The 9 non-zero values were averaged to obtain the
macroscopic cubic elastic constants: C11 = (1/3) (C11 + C22 +C33),
C12 = (1/3) (C12 +C13 +C23), C44 = (1/3) (C44 + C55 +C66)
[49].
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3. Results
3.1. Magnetic Stability
The magnetic properties of Al1-x-yCrxTiyN in the complete
range of composition for the cubic phase and the hexagonal
phase for Al content > 50% are shown in Figure 2a and 2b,
respectively.
The TiN, AlN, and pseudo binary TiAlN do not exhibit
magnetic behavior in any of the compositions of the cubic and
hexagonal crystalline phases calculated [4]. As mentioned above,
CrN presents an AFM behavior (below the Neel temperature)
relating this with a distortion from cubic phase to the orthorhom-
bic phase with a double layer arrangement [110]. In this study
the AFM [100] arrangement is used to maintain the cubic phase
[5].
The pseudo binary B1-AlCrN presents an AFM behavior
in the complete range of compositions and B1-TiCrN exhibits a
change in the magnetic behavior from FM to AFM. In this study
due to the approximation used (GGA), the point B1-Ti50Cr50N
presents an energy difference between the AFM and FM ar-
rangements of 1 meV/atom making it difficult to determine the
composition in which the transition takes place. According to
Alling et al., who use the LDA+U approximation, this change
in the magnetic behavior occurs when there is approximately
50 at. content[7]. Because of this, the point B1-Ti50Cr50N is
presented in the figure 4a as FM based on the observed ten-
dency of the energy difference of the points B1-Ti62.5Cr37.5N
and B1-Ti37.5Cr62.5N, which agrees with the magnetic transition
reported by Alling et al.
For B1-Al1-x-yCrxTiyN a shift can also be observed in the
magnetic behavior from AFM to FM. In the quaternary points
studied, only the points where TiN≤25 % at. content as well
as Al50Cr12.5Ti37.5N, and Al37.5Cr12.5Ti50N present an AFM be-
havior. It is important to mention that the energy difference
between the AF and AFM states of the Al12.5Cr 50Ti37.5N and
Al25Cr12.5Ti62.5N concentration points is similar to the differ-
ence in the B1-Ti50Cr50N point (1 meV/atom) making it diffi-
cult to determine the most stable magnetic state for these points,
and the observed tendencies of the points are taken into account
to determine the behavior represented in Figure 2a.
The points with CrN =12.5% at. content may be influenced
by the position of the two Cr atoms in the SQSs since, as re-
ported by Filippetti et al. [50, 51], in the CrN the interactions (J)
of the first neighbors have a negative value, favoring the AFM
state while the interactions of second neighbors have a positive
value favoring the FM state. This low CrN content can also ex-
plain the reason of the minimal energy difference between the
FM and AFM states for the Al25Cr12.5Ti62.5N.
Regarding the hexagonal phase, the pseudo binary B4-AlCrN
presents a magnetic change from FM to AFM when there is
CrN≥63 % at. content (see Figure 2b) which is in agreement
with previous reports [52, 53]. Likewise, for the quaternary
B4-Al1-x-yCrx TiyN, the same magnetic shift was observed as in
B4-AlCrN. The three quaternary points with Al=50% at. con-
tent and the point B4-Al62.5Cr12.5Ti25N present an AFM behav-
ior while the remaining points were FM.
Figure 2: Magnetic Stability
3.2. Lattice Parameter
The lattice parameterswere calculated from the relaxed SQSs
shown in Figure 1; based on them, color map graphs were ob-
tained by interpolation.
The Figure 3 shows, the lattice parameter variation for the
cubic and hexagonal phases. The figure 2a is the ternary dia-
gram for the cubic phase with its scale located at the left. The
triangles in the right correspond to the lattice parameters of the
hexagonal phase, figure 3b correspond to the parameter a with200
the scale located at the center and figure 3c to the parameter c
with its scale located at the right.
The lattice parameter of the cubic phase increases almost as
if it was only dependent on the Ti content. This may be pro-
moted by the relatively big lattice parameter of TiN in compar-
ison with the smaller lattice parameters of AlN and CrN. The
same tendency in lattice parameter was found for the hexagonal
phase where the maximum value for a and c was found at the
TiN, while the minimum was located at the AlN point.
Even the lattice parameter change in the cubic phase for Al
content higher than 50% has the same greater dependency on Cr
content as the lattice parameters in the hexagonal phase have.
Figure 3: Lattice Parameter
3.3. Formation Enthalpy
The Formation Enthalpy for the cubic and hexagonal phase
are presented in Figure 4a and 4b respectively, the equation 1
shows how the values for Formation Enthalpy were obtained.
The AFM B1-CrN presents the highest formation enthalpy
value of the entire ternary diagram including the hexagonal phase
(Figure 4b), the formation enthalpy obtained (-1.460 eV/at) is
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in good agreement with the value reported by Mayrhofer et al.
[[9]]. The B1-TiN presents the lowest formation enthalpy value
of the entire ternary diagram and the AlN an intermediate value
between the B1-CrN and B1-TiN.
For the pseudo binary nitrides B1-AlTiN and B1-CrAlN the
obtained results are also in agreement with the values reported
by Alling et al. and Mayhorfer et al., for the case of B1-TiCrN
no reported values were found, but it follows the trend of the
other two pseudo binaries.
The formation enthalpy values of the quaternary nitride B1-
AlTiCrN do not show a tendency established by any of the sec-
ondary nitrides, rather we can notice how the ternary diagram
is divided into 3 zones, the corner of the TiN, the corner of the
CrN and a zone that goes from the corner of the AlN to the
line of the TiCrN nitride, the formation enthalpies of the B1-
AlCrTiN are mainly in the middle of the scale values.
For B4-AlN as it was expected we obtain a lower formation
enthalpy than B1-AlN, also it can be appreciated a change in
the enthalpy minimum from the B1-TiN corner to the B4-AlN
corner. The trends for the B4-AlCrTiN are not inclined to any
of the secondary nitride, but with more B4-AlN content the B4
phase is more likely to be the most stable phase. And, if we
maintain the Al and Ti content relation, more B4-CrN content
means a higher formation energy. This behavior has found also
in the B1 phase, only that B4 has a steepest ascent. Only com-
paring values from both formation energies we can calculate the
Al solubility limit.
Figure 4: Formation Enthalpy
3.4. Phase stability
The formation energy of the cubic and hexagonal structures
were plotted as 3D ternary surfaces in Figure 5, the intersec-
tion of both surfaces show where the cubic to the hexagonal
transformation occurs. The projection shows the difference of
formation energy between the cubic and the hexagonal phase
∆H f = H f ,cub −H f ,hex. The blue color in the Figure 5 shows the
stable zone of cubic phase and the transition line point out the
aluminium solubility limit. The aluminum solubility in the qua-
ternary compositions is lower than the ternary nitrides (AlCrN,
AlTiN).
Figure 5: Phase Stability
3.5. Mixing Enthalpy
TheMixing Enthalpy for the cubic and hexagonal phase are
presented in Figure 6a and 6b respectively. This values were ob-
tained using the equation 2 explained in the section above. The
ternary nitrides are in good agreement with the values previ-
ously reported by Alling et.al. and Mayhorfer et.al. [54, 4, 19]
In Figure 6a it can be seen the same tendency found in the
ternary nitrides, also a negative mixing enthalpy values can be
found in the quaternary B1-AlCrTiN region near CrN suggest-
ing a good stability. The B1-AlCrTiN section near the line of
the B1-TiAlN is where the highest values of Mixing Enthalpy
can be found, making this the most unstable region of the qua-
ternary.
In general, B1-CrN content lowers the value of the Mixing
Enthalpy. Considering only this chemical enthalpy, it means
higher Cr content nitrides could have a greater thermal stability.
While B1-CrN content seems to considerably affect theMix-
ing Enthalpy, it only does if B1-AlN and B1-TiN content both
are present in considerable amount. If not true, the enthalpy
value does not vary in a noticeable way, maintaining an almost
constant region in most of the B1-AlCrTiN mixing enthalpy,
this being in agreement with the values reported by Lind et. al.
[31]
For B4-AlCrTiN it can be notice three evident regions shown
in the figure 6b were the highest values can be foundwhen there
is more B4-CrN content. Only when there is more than 80%
B4-AlN we can see an improvement in the B4 phase stability.
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Figure 6: Mixing Enthalpy
3.6. Elastic Constants
Figure 7: Elastic Constants
The elastic constants shown in fig. 7 show the three macro-
scopic elastic constants for the Al1-x-yCrxTiyN alloy, C11 (red),
C12 (green) and C44(blue). The C11 constant has a maximum at
the binary TiN, from this point the values of the ternary nitrides
AlTiN and CrTiN have a negative slope reaching a minimum
in points of low Ti concentration. This tendency is also present
in the quaternary nitride. That is to say, low Ti concentration
points show the smallest values in all the concentration region.
Fixing the Ti content, the elastic constant magnitude increase
with the Cr content. This is also true for AlCrN where a steady
increase is present from AlN to CrN.
C44 is not affected by the variations of Cr and Ti content, by
keeping the Al content fixed the slope of the resulting lines is
close to zero. While increasing the aluminum content the elas-
tic value grows rapidly and reaches its peak at the AlN point.300
C12 has the more straightforward trend of the 3 constants as it
has practically the same value for all concentration points. The
difference in the values obtained for the C12 constant are rela-
tively small when are compared to the other elastic constants
values. However, these results show similar tendencies to the
ones presented in the C44 constant where the Al content is the
most important variable for the elastic constant increment.
The Born stability criteria for the cubic system are the fol-
lowing conditions, which are necessary and sufficient to assert
elastic stability [55]:
C11 −C12 > 0, C11 + 2C12 > 0, C44 > 0 (3)
This criteria were calculated for all concentrations and were
fulfilled by each one of them, showing that the structures are
mechanically stable.
From the elastic tensor defined above, a number of derived
properties are calculated [56, 57, 58].
Shear modulus Voigt average,GV :
GV = 15 (C11 −C12 + C44)
Shear modulus Reuss average,GR
GR =
5C44 (C11 − C12)
C44
Shear modulus average,G
2G = (GV +GR)
We may further obtain the the isotropic Young’s modulus
E =
9KG
3K +G
and the isotropic Poisson’s ratio
ν =
3K − 2G
2 (3K +G)
where K = 1
3
(C11+2C12) and is the isotropic bulk modulus.
Figure 8: Shear Modulus Average Trends
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Shear, Bulk and Young modulus have been used as em-
piric predictors of hardness in general [59, 60]. For cubic ni-
trides shear modulus, the inverse of Poisson’s ratio and the ideal
strength were found to have the biggest correlation values [58].
Considering this we analyze the tendencies of this constants in
order to find a possible hardness tendency of the AlCrTiN sys-
tem.
Figure 9: Young Modulus Trends
The shear modulus biggest influencing factor isC44, and ac-
cordingly to what can be observed in figure 7 and 8 both grow as
aluminum concentration increases, so being as close to as pos-
sible to AlN would give us the higher hardness values, however,
we have to take into consideration the phase stability of the cu-
bic phase as a limiting factor, showing that the higher hardness
values would be found along the transition line between the B1
and B4 phases. The existence of this line with similar hardness
values gives room to play with the quantities of Ti and Cr to
also consider the phase stability and oxide resistance.
Figure 10: Poisson’s Ratio Trends
4. Conclusions
A study of the Al1-x-yCrxTiyN system in the pseudo-ternary
concentration diagram (0 ≤ x ≤ 1 and 0 ≤ y ≤ 1, with 12.5% x
and y increments) was carried out. We found a good agreement
between our calculations and the results of previously published
studies for the formation energy, magnetic stability and elastic
properties of the binary and ternary nitrides. These results allow
us to ensure that the calculations of the quaternary region are a
good approximation of the above-described characteristics.
The ternary nitrides present three different magnetic states
(AFM, FM and NM), in the quaternary zone (AlCrTiN) two of
this behaviors (AFM and FM) can be found as well as a change
of behavior from AFM to FM when there is more than 60%
of B1-TiN content. The results presented are a good approx-
imation of the behavior of the system, but to improve the ac-
curacy, calculations could be made with other approximations
(LDA+U). For the B4-AlCrTiN the behavior present in figure
2b is in good agreement with the experimental results presented
in previous studies [52, 53].
The stress-strain method was successfully used for the elas-
tic constants calculus, all of these values are in the same range
and followed characteristic trends in each constant. In this sys-
tem, the approximatedmacroscopic elastic constants are of spe-
cial importance as an aid to experimental design of materials.
Since hardness can not be calculated directly from DFT calcu-
lations, we use the Poisson’s ratio, Shear and YoungModulus to
predict the hardness tendencies, which indicate that the higher
hardness values for cubic are expected to be found along the
transition line from B1 to B4 structure. According to the dif-
ference of formation energies there will be with a bit more alu-
minum solubility on the AlTiN side of the transition line, and
the mixing energy shows a higher stability on the AlCrN side.
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